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Fully developed viscoelastic flows in rotating curved pipes with circular cross section are
investigated theoretically and numerically employing the Oldroyd-B fluid model. Based on Dean’s
approximation, a perturbation solution up to the secondary order is obtained. The governing
equations are also solved numerically by the finite volume method. The theoretical and numerical
solutions agree with each other very well. The results indicate that the rotation, as well as the
curvature and elasticity, plays an important role in affecting the friction factor, the secondary flow
pattern and intensity. The co-rotation enhances effects of curvature and elasticity on the secondary
flow. For the counter-rotation, there is a critical rotational number R , which can make the effect
of rotation counteract the effect of curvature and elasticity. Complicated flow behaviors are found
at this value. For the relative creeping flow, R can be estimated according to the expression
R =−4We. Effects of curvature and elasticity at different rotational numbers on both relative
creeping flow and inertial flow are also analyzed and discussed. © 2006 American Institute of
Physics. DOI: 10.1063/1.2336454
I. INTRODUCTION
Fluid flow in a curved pipe is a fundamental and much-
studied subject. When a viscous fluid flows in a curved pipe,
the secondary flow takes place due to centrifugal force. De-
tailed knowledge of this kind of flow behavior is important
to predict the pressure drop, heat, and mass transfer charac-
teristics. The pressure-driven laminar flow of a Newtonian
fluid in a stationary curved pipe with circular cross section
was first considered by Dean1,2 using the perturbation
method. By a loose-coiling approximation, all effects arising
owing to curvature were ignored except for the centrifugal
force terms in governing equations. The author grouped two
independent parameters, the Reynolds number R and the di-
mensionless curvature , into a single parameter called the
Dean number, Dn, which is defined by
Dn =R · 1/2.
This represents the square root of the ratio between the prod-
uct of the inertia and centrifugal forces to the viscous force.
Since the secondary flow is induced by centrifugal force and
its interaction with viscous force, Dn becomes the single
parameter for measuring flow resistance and secondary flow
intensity. Since then, many theoretical and numerical studies
focusing on this single parameter flow with or without the
loose-coiling approximation were carried out. Excellent sur-
veys have been given in Refs. 3–6.
Following the perturbation analysis by Dean,1,2 many re-
searchers extended the perturbation solutions from Newton-
ian curved pipe flow to non-Newtonian cases, such as the
Reiner-Rivlin fluid,7 second-order viscoelastic fluid,8,9 the
Oldroyd B’ fluid,10 and the Bingham fluid.11,12 Mashelkar
and Devarajan13 numerically examined a power-law fluid
flow through a coiled tube using the momentum-integral ap-
proach and analyzed the shear-thinning effect on the fric-
tional loss. More recently, Bowen et al.14 theoretically pre-
sented a perturbation analysis on the creeping flow of an
upper-convective Maxwell fluid without simplifying the gov-
erning equations and analyzed viscoelastic effects in swirling
flows. The linear stability analysis for the Oldroyd-B fluid
flow through a slightly curved channel was considered by
Joo and Shaqfeh.15,16 All these results indicate that the vis-
coelasticity also can generate a secondary flow, which is in
the same rotational direction as the secondary flow due to the
centrifugal force. It plays an evident role on the flow resis-
tance in a creeping flow. Increasing the elastic effect first
causes drag enhancement and then drag reduction. Robertson
and Muller17 extended the solutions of Bowen et al.14 to
more general cases by examining the Oldroy-B fluid in both
circular and annular cross sections for nonzero Reynolds
numbers and found that elasticity in the absence of inertia
produced a secondary flow that was qualitatively similar to
that produced by inertia in the absence of elasticity. How-
ever, the effects of elasticity and inertia are not simply addi-
tive due to the nonlinear of these terms in the governing
equations. Employing the h-p finite element method, Fan
et al.18 studied an Oldroyd-3-constant fluid flow in the
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curved pipe, including the upper-convective Maxwell
UCM fluid model and the Oldroyd-B fluid model. Based on
an order of magnitude analysis of governing equations, they
found that the secondary flow caused by elasticity was pro-
moted by the combination of the axial normal stress with the
curvature for the creeping flow, and the viscoelasticity of
Oldroyd-B fluid caused drag enhancement compared to the
Newtonian fluid. They also found that a small negative sec-
ondary normal-stress difference could drastically suppress
the secondary flow.
When a curved pipe rotates about an axis normal to a
plane including the pipe, the Coriolis force could also con-
tribute to the generation of secondary flow. Rotating curved
pipes are often encountered in cooling systems for conduc-
tors of electric generators and generators for pumped-storage
stations, as well as in separation processes, heat exchangers,
and physiological fields. The interactions of the imposed
pressure-driven axial flow, the system rotation, and the geo-
metrical structure of the pipe cause the fluid flow and heat
transfer performance in a rotating pipe to be drastically dif-
ferent from that in a stationary case. Naturally, theoretical
solutions and experimental relations for the stationary cases
are not valuable for the rotating ones.
Because of the wide spectrum of applications and rich-
ness in physical phenomena, Newtonian flows in rotating
curved pipes have been studied by many researchers.19–30
The pioneering studies on fluid flow in rotating curved pipes
were mainly limited to the co-rotating case, which means the
rotating angular velocity and the axial velocity are in the
same direction, such as Refs. 19–22. Ito and Motai23 first
studied the Newtonian fluid flow in both co-rotating and
counter-rotating curved ducts the rotating angular velocity
and the axial velocity are in opposite directions and pre-
dicted a reduction strength and a reversal of the secondary
flow direction theoretically for small parameters. Menon24
confirmed the reversal flow even for high Dean numbers. Ito
et al.25 studied the friction factor in a rotating curved pipe
numerically and experimentally. However, all these compu-
tations were limited to relatively small parameters.
Ishigaki26 examined Newtonian flow characteristics and
friction factor numerically for both counter-rotating and co-
rotating curved pipes with small curvatures and a circular
cross section. A new parameter, F, which represents the ratio
of the Coriolis force to the centrifugal force, was introduced
in his work. He found when F was about to −1, which indi-
cated that the Coriolis force almost had the same magnitude
as the centrifugal force but in the opposite directions, the
secondary vortex caused by the centrifugal force and those
caused by the Coriolis force coexisted in the cross section,
and the friction factor almost had the same value with that in
a stationary straight pipe. These similar results were also
obtained by Zhang et al.27 in terms of a perturbation solution.
The solutions for the rotating curved pipe flow were ex-
tended for different cross-section pipes theoretically and nu-
merically, such as an annular cross section,28 an elliptic cross
section,29 and a rectangular cross section.30 For different
cross sections, the number of the secondary vortex is differ-
ent when F−1.
Newtonian flows in curved pipes with or without rota-
tion are well understood. However, non-Newtonian flows in
rotating curved pipes have not received corresponding atten-
tion due to the complexity of the problem. Generally, the
non-Newtonian flows are more important and appropriate in
technological applications in comparison with the Newtonian
fluids. A large class of real fluids does not exhibit the linear
relationship between stress and the rate of strain. Because of
the nonlinear dependence, the analysis of the behavior of the
fluid motion of the non-Newtonian fluids tends to be much
more complicated and subtle in comparison with that of the
Newtonian fluids.31,32
In the present study, the Oldroyed-B non-Newtonian
flow model, which takes into account elastic and memory
effects exhibited by most polymer and biological liquids,33,34
has been considered, and serves two main purposes: to
bridge the gap in the field of internal flow, and to show the
flow characteristics of the Oldroyd-B fluid in rotating curved
pipes. Our emphasis is placed on the combined effects of
elasticity, curvature, and rotation on the flow structure and
friction factor. A wide range of parameters is covered, and a
perturbation solution up to second order is obtained. Com-
parisons have been made between theoretical and numerical
solutions and they confirmed each other. Some new and in-
teresting flow patterns are obtained.
II. GOVERNING EQUATION
The continuity and momentum equations of fluid motion
neglecting gravitational forces in any relative coordinate
system are written as
 · u = 0, 1a
 u
t
+ u · u = − p − 2 u + r
+  ·  , 1b
where u is the relative velocity vector,  is the rotating
angular velocity vector of the coordinate, r is the radius vec-
tor, p is the pressure,  is the fluid density, and  is the extra
stress tensor.
For the Oldroyd-B fluid, the constitutive equation is
given by
 + 1

= 2D + 2D

 , 2
where 1 is the relaxation time, 2 is the retardation time, 
is the zero shear rate viscosity, D is the rate of deformation
tensor, and the upper convected derivative of  is defined by


=

t
+ u ·  −  · u − uT ·  , 3
and the rate of deformation tensor D is given by
D =
1
2
u + uT . 4
When 2=0, Eq. 3 reduces to the constitutive equation for
the UCM model and if 1=2=0. The equation for
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Oldroyd-B fluid reduces to the Newtonian constitutive equa-
tion with viscosity . The extra stress tensor  can be splited
into a viscoelastic component 1, which is relative to the
polymer and a purely viscous component 2, which is rela-
tive to the Newtonian solvent. Therefore
 = 1 + 2, 5
where
1 + 11

= 21D 6
and
2 = 22D . 7
Here, 1 is the viscosity of the viscoelastic contribution and
2 is the viscosity of Newtonian contribution. The relation-
ship between the constants is
 = 1 + 2 8
and
2 =
1
2
1. 9
The constitutive equation for the Oldroyd-B fluid also can be
expressed as
1 + 11

= 21D 10
using viscoelastic stresses only. Therefore the continuity and
momentum equations can be written in the term of viscoelas-
tic stresses
 · u = 0, 11a
 u
t
+ u · u = − p − 2 u + r
+  · 1 + 2
2u . 11b
Then when 1=0, the constitutive equation for the
Oldroyd-B fluid transforms into the Newtonian constitutive
equations, and when 2=0, the governing equations reduce
to those for the UCM fluid.
Now we consider the fully developed Oldroyd-B fluid
flow through a curved pipe rotating around the axis OA with
a constant angular velocity . as shown in Fig. 1. Rc and R
are the radius of the pipe and curvature, respectively. When
	0, the rotation has the same direction as the axial veloc-
ity co-rotation, and when 
0, the rotation and the axial
velocity are in opposite directions counter-rotation. Natu-
rally, we use a toroidal coordinate system r , ,s to eluci-
date this kind of problem, where s is along the center line of
the curved pipe. The corresponding velocity components are
denoted by u ,v ,w.
In order to render the equations governing equations, the
following dimensionless variables are introduced:
r˜, s˜ = r,s/Rc, u˜, v˜,w˜ = u,v,w/U,
˜,˜1,˜2 = ,1,2Rc/U ,
12
p˜ = pRc/U, R =RRc/, R = URc/,
˜ = Rc/R, We = 1U/Rc,  = 1/
where U is the reference velocity, R is the rotational num-
ber, R is the Reynolds number, We is the Weissenberg num-
ber, and  is the ratio of the polymeric to total shear viscos-
ity, respectively. In this case, we set the reference velocity U
to be the maximum axial velocity for flow in a straight pipe
with the same axial pressure gradient. The negative of non-
dimensionless pressure gradient −p /s is equal to 4. For
simplicity, the superscript “” is omitted and all variables
appearing from the front on are all dimensionless.
The Lame’ coefficients of the coordinate system shown
in Fig. 1 are
hr = 1, h = r, hs = 1 − r cos  . 13
So the governing equation can be derived from the counter-
part in the general orthogonal curvilinear coordinate system.
Since the viscoelastic fluid flow is fully developed,  /s=0
except for the axial pressure. The dimensionless continuity
and momentum equations in such relative orthogonal curvi-
linear coordinate systems are derived as
rhsu
r
+
hsv

= 0, 14a
Ruu
r
+
v
r
u

−
v2
r
+
 cos 
hs
w2
= −
P
r
− 2Rw cos  − 1 − 1
r
s

+
 sin 
M
s
+  1rr
r
+
1
r
r
+
1
r
1
rr
− 1

+

hs
1
ss cos  − 1
rr cos  + 1
r sin 	 , 14b
FIG. 1. The rotating pipe and the coordinate system.
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Ruv
r
+
v
r
v

+
uv
r
−
 sin 
hs
w2
= −
1
r
P

+ 2Rw sin  + 1 −  sr −  cos M s
+  1r
r
+
1

r
+
2
r
1
r +

hs
1
 sin  − 1
ss sin  − 1
r cos 	 , 14c
Ruw
r
+
v
r
w

−
 cos 
hs
uw +
 sin 
hs
vw
=
4
hs
+ 2Ru cos  − v sin 
+ 1 − 1
r
r

−
1
r
r
r

+  1rs
r
+
1
s
r
+
1
r
1
rs +
2
hs
1
s sin  − 1
rs cos 	 , 14d
where P= p−1/2R
2 /R1−r cos 2, s=1/rrv /r
−1/ru /, r=1/rw /+ sin  /hsw, =−w /r
+ cos  /hsw, 1
ij is the viscoelastic stress components for
the polymer, i , j=r , ,s, and it is given in Appendix.
An important characterization of secondary flow is the
stream function. To satisfy continuity equation 14a, the
stream function  is introduced as
1
r


= hsu, −

r
= hsv . 15
The boundary conditions are
u = v = w =  =

r
= 0 at r = 1. 16
III. SERIES EXPANSIONS FOR SMALL
PARAMETERS
If the radius of the pipe is much smaller than that of
curvature, that is 1 and Hs1, the governing equations
can be simplified. Similarly to Dean1,2 for the Newtonian
flow in the stationary curved pipes, we ignore the higher-
order terms of  and obtain the simplified governing equa-
tions. Substituting Eq. 15 into the simplified governing
equations and removing the terms of pressure yields the
equation of the stream function and axial velocity:
R
r
− 


r
+

r


2 −  Rw2 + 2Rw
r
sin  +
Rw2 + 2Rw
r
cos 
= 4 +  21r
r2
+
1
r
21

r
+
3
r
1
r
r
+
1
r2
1


−
1
r
21
rr
r
−
1
r2
1
rr

−
1
r2
21
r
2
+  sin  1
r
+
1

r
−
1
ss
r
−
1
rr
r
−
1
r
1
r

 +  cos  1rr
r
−
1

r
−
1
r
1
ss

−
21
r
r
 , 17a
R
r
 

w
r
−

r
w

 − 2R1
r


cos  +

r
sin  − 4 − 2w
=  1rs
r
+
1
s
r
+
1
r
1
rs +
2
M
1
s sin  − 1
rs cos  . 17b
Then we can expand the stream function , axial velocity w,
and the viscoelastic stress 1 into the series of :
 = 1r, + 2r,2 +¯ ,
w = w0r, + w1r, + w2r,2 +¯ , 18
1 = 0r, + 1r, + 2r,2 + ¯ .
Substituting Eq. 18 into the governing equations 17,
and collecting the coefficient of the same order of , one can
obtain the partial differential equations for each order of ,
w, and 1. Solving these equations with the boundary con-
ditions 16, one can get the perturbation solutions of the
flow:
w0 = 1 − r2, 19a
1 = −
1
288
−Rr2 + 4R + 24 We + 6Rrw0
2 sin ,
19b
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w1 = 16r22 − 162We2 +  124r2 − 124 − 196Rr4 − 11288R + 13288Rr2We
+ − 11152Rr4 − 1384R + 1384Rr2 + 14 + 73840r2R2 − 1911 520R2 + 111 520r6R2 − 11280r4R2rw0 cos , 19c
2 =  180r22 + 12402 − 160r23 + 1453We3 +  24734 5602R +  77202 + 1960 + 1320r2 − 1180r22R − 111920Rr22
−
1
2304
Rr4 +
37
34 560
Rr42 +
13
5760
Rr2 +
1
960
RWe2 + − 112 + 12011 612 800R2 − 11604 800R2r6
−
487
907200
R2r2 +  1576R − 11080Rr2 + 15760Rr4R + 12417 257 600R2r4 + − 12880r2 + 1960R2 We
+  17552 960R − 1276 480Rr2 − 1552 960Rr4R2 − 34929 030 400r2R3 +  133 628 800r4R2 − 11 612 800r6R2 − 1192
−
307
14 515 200
r2R2 +
1037
19 353 600
R2R − 295760R − 67116 121 600r6R3 + 146 448 640r8R3 + 3711 059 200r4R3
+
1
720
Rr2 +
4979
232 243 200
R3r2w02 sincos , 19d
w2 = g1R,R,,We + g2R,R,,Wecos , 19e
where g1R ,R , ,We and g2R ,R , ,We are complex
expressions. Both of them are polynomial functions of r with
coefficients as functions of R ,R ,, and We.
IV. NUMERICAL PROCEDURE
In the present study, the full governing equations Eq.
14 are solved by the finite-volume method. To explore
subtle flow structure in the non-Newtonian flow, the high
accuracy finite volume methods have been developed
recently.35 Considering the economy and easy realization of
the method, the SIMPLE scheme is employed to deal with
the velocity-pressure coupling problem in the present study.
The power-law scheme is adopted to discretize the convec-
tion term and the mesh system is staggered, and an alternat-
ing direction line by line iterative method ADI with a block
correction technique is used to solve the discretized equa-
tions. The description of the numerical implementation can
be found elsewhere, for example, from Patankar’s work.36
For the Oldroyd-B fluid, the constitutive equations are
hyperbolic, and the simplest stable method is the upper wind
scheme, which only ensures first-order spatial accuracy for
stress. In order to attain second-order accuracy and uncondi-
tional stability, we first introduce an artificial diffusion term
 · 1, where  is an artificial diffusion coefficient on
both sides of the constitutive equation for viscoelastic stress
1, and then discretize them just like that in the momentum
equation in the usual way.37 In our calculation, the power law
scheme is employed for the formulation because it covers the
central difference and upwind difference, and gives an excel-
lent approximation to the exact exponential solution for the
one-dimensional convective-diffusive equation. In the power
law scheme, the formation of the coefficient neighboring grid
points is chosen as follows:
anb = Dnbf
Pe
 + maxsignnbFnb,0 . 20
Here, f
Pe
=max0, 1−0.1
Pe
5, Pe is the local Peclet
number, Pe=F /D, and F and D are convective mass
flux and diffusion conductance at the cell faces, respectively.
To get the converged solution in the procedure of iteration
after introducing an artificial diffusion term, it necessary to
ensure f
Pe
	0 to avoid violating the Scarborough crite-
rion The detailed procedure for discretized constitutive equa-
tions can be found in Ref. 37.
Three pairs of grid sizes r=NrN were used to
check the grid dependence, and associated comparisons are
shown in Table I. The convergence criterion is 
n+1
−n /n

10−6, where  is the maximum residual value
and n is the computational times. According to the results for
different cases, it can be found that there is less than a 2%
difference between the results for the grid size 3262 and
those in the finer mesh size 4282. Considering the
CPU time, 3262 is chosen as a reasonable grid size for
the Oldroyd-B flow in rotating curved pipes. For a high
Reynolds number R	10 000, 4282 is employed to sat-
isfy precision.
For the Newtonian flow in rotating curved pipes, our
numerical results show a good agreement with other numeri-
cal and experimental results.38 Therefore we only show the
comparisons for the Oldroyd-B fluid flow in the stationary
curved pipe with the available numerical results. The varia-
tions of the friction factor ratio fc / fs and the maximum of
stream function max with R for different elasticity numbers
083103-5 Viscoelastic flow in rotating curved pipes Phys. Fluids 18, 083103 2006
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EnEn=We  /R, which characterizes the elastic level with
respect to inertia, are shown in Fig. 2. The friction factor
ratio fc / fs is
fc
fs
= QcQs
−1
=
1
2wm
, 21
where fc is the friction factor for the Oldroyd-B fluid in a
rotating curved pipe while fs is the friction factor for New-
tonian flow in the straight pipe for the same axial pressure
gradient, and Qc and Qs are the dimensionless volume flux
for Oldroyd-B fluid in the curved pipe and Newtonian flow
in the straight pipe with the same axial pressure gradient.
Figure 2 shows that the present numerical curve agrees very
well with that of Fan et al.18 Meanwhile, some comparisons
between the numerical solution and the perturbation solution
are also made, and the two solutions show good agreement.
V. RESULTS AND DISCUSSION
First of all, the effects of elasticity, and the centrifugal
and Coriolis forces on the flow are analyzed. Knowing that
the secondary velocity u ,v is two orders of magnitude less
than the axial velocity, it is easy to obtain the equations for
the momentum balance in the r and  directions by analyzing
magnitude in the governing equations16:
TABLE I. Grid test. The subscript F denotes the numerical results from Fan et al. Ref. 18.
 R NrN fc / fs max fc / fsF maxF
2242 2.9555 0.001 534
0.01 17 677.66 3262 2.9106 0.001 467 2.8858 0.001 467
4282 2.8967 0.001 483
2242 3.0664 0.062 492
0.2 3952.84 3262 3.0217 0.059 934 3.0032 0.058 85
4282 3.0114 0.059 347
2242 3.6966 0.007 058
0.5 4000 3262 3.6401 0.006 895 3.6111 0.006 683
4282 3.6319 0.006 746
a We=0, =0
We R R NrN fc / fs max 1ss 1rr 1
2242 1.0213 0.008 02 53.5317 1.6184 0.5628
5 −20 0 3262 1.0205 0.007 85 50.0661 1.5225 0.5342
4282 1.0202 0.007 71 49.6593 1.4752 0.5185
2242 1.3822 0.011 85 36.2141 0.0974 4.4377
8 −300 400 3262 1.3701 0.010 71 33.8928 0.0929 4.0412
4282 1.3689 0.010 57 33.0046 0.0903 3.9786
2242 2.4875 0.011 87 47.3552 0.2623 12.9371
12 1000 50 3262 2.4547 0.011 15 45.6113 0.2349 11.8263
4282 2.4423 0.010 81 45.0475 0.2187 11.0576
b =0.2, =0.5
FIG. 2. Comparison with available results.
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R
 cos 
hs
w2  −
P
r
− 2Rw cos  +
1
ss
hs
cos  ,
22a
−R
 sin 
hs
w2  −
P
r
+ 2Rw sin  −
1
ss
hs
sin  ,
22b
where the axial normal stress is expressed by
1
ss  2 We  w
r
+ 
w cos 
hs
2
+  w
r
− 
w sin 
hs
2	 . 23
Combining Eq. 22, we can obtain the balance equation in
the x direction Fig. 1 as
R
w2
hs
+ 2Rw 
P
x
+ 
1
ss
hs
. 24
Equation 24 indicates that the axial normal stress, as well
as the centrifugal and Coriolis forces, can contribute to the
establishment of the pressure gradient. This generates a sec-
ondary flow competing with those of the centrifugal and Co-
riolis forces. Taking into account that the contribution of the
Coriolis force depends on the direction of rotation, the effect
of the Coriolis force will counteract that of centrifugal force
and axial normal stress. So it is expected to find a critical
value of R , which can make the effect of the Corisolis
force counteract the effect of centrifugal and axial normal
stress.
A. Results of perturbation solution for small
curvatures
Figure 3 shows the contours of secondary flow stream-
line and axial velocity for various R for relative creeping
flow. Here we use relative creeping flow to indicate the case
of zero Reynolds number but the nonzero rotation number.
Considering the symmetry of the flow structure, only half of
FIG. 3. Contours of secondary streamline upper half and axial velocity
lower half at various R.
FIG. 4. Contours of secondary streamline and axial velocity at various R.
FIG. 5. Variation of fc / fs with R for different We=0.05.
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the contours in the plots are shown. In each plot, streamlines
are shown in the upper half domain and the contours on the
axial velocity are shown in the lower half domain. The dot-
ted lines represent negative values of contours and the clock-
wise rotating cell. The outer bend is on the left for all the
plots.
For the stationary case R=0, a clockwise secondary
cell caused by elasticity can be found in the upper cross
section while the maximum of axial velocity is pushed to the
outer bend. This is qualitatively similar to noncreeping flow
of Newtonian flow. The effect of elasticity is similar to that
of centrifugal force. For this case, Robertson and Muller17
and Fan et al.18 also studied the flow structure theoretically
and numerically and made similar conclusions. Although the
outward Coriolis force intensifies the secondary flow for the
co-rotating case R=10, the flow profile keeps the same
structure. For the counter-rotating case R
0, the inward
Coriolis force has the opposite effect on flow profile and
decreasing R can change the flow profile drastically. When
R=−22, the effect of opposite Coriolis force almost coun-
teracts that of elasticity and two kinds of secondary flow,
which are symmetrical about the y axis, coexist in the cross
section. This physical mechanism can also be understood by
checking the perturbation solutions for stream functions. The
first-order solution stream function can be obtained for rela-
tive creeping flow:
1 = −
1
48
4 We +Rrw0
2 sin  . 25
When R=−4We, the terms for the Coriolis force and elas-
ticity counteract each other and 1=0. Only the second-order
solution of stream function has the effect on flow at this
point. For a larger opposite Coriolis force case R=−30,
the opposite Coriolis force will dominate the secondary flow,
and a reversal structure with the stationary case is found.
Figure 4 shows the contours of secondary streamline and
axial velocity at various R for the inertial flow. For the
inertial flow, the outward centrifugal force can also contrib-
ute to the generation of secondary flow. In the Newtonian
rotating curved pipe flow case, F is often introduced to char-
acterize the effect of Coriolis force on flow.24 In this study,
the relation between R and F can be obtained as
R = FRwm. 26
For the Newtonian flow in a rotating curved pipe, four
secondary cells can be found in the cross section when
F−1.2. This is not of value for Oldroyd-B fluid since the
elasticity also contributes to the secondary flow. As shown in
Fig. 4, two secondary cells can be found in the half cross
section and the intensity of secondary flow becomes weakest
when R=−22, which corresponds to F−1.5. This indi-
cates that a larger Coriolis force is needed to counteract the
effects of the centrifugal force because the effect of elasticity
intensifies the secondary flow due to the centrifugal force.
For the other cases, the flow patterns are similar to those in
the case of creep flow.
Figure 5 shows the variation of the friction factor ratio
withR for different We. Comparisons between perturbation
and numerical solutions for the inertial flow are shown in
Fig. 5a. It is found that the perturbation results agree
TABLE II. Comparisons of the solutions between the numerical results and perturbation results, The superscript
“p” denotes the perturbation solution results and the superscript “n” represents the numerical results. We
=5,=0.2.
R
R=30 =0.05 R=60 =0.1
max
p
,max
n  wmax
p
,wmax
n  max
p
,max
n  wmax
p
,wmax
n 
20 0.012 902 0.012 302 0.9532 0.9543 0.0404 0.0294 0.6489 0.8531
15 0.0114 0.0110 0.9627 0.9638 0.0368 0.0271 0.6771 0.8756
10 0.0099 0.0095 0.9713 0.9721 0.0333 0.0251 0.7058 0.8839
5 0.0084 0.0081 0.9788 0.9792 0.0298 0.0227 0.7353 0.9002
0 0.0069 0.0067 0.9853 0.9860 0.0264 0.020 83 0.7659 0.9146
−5 0.0053 0.0051 0.9905 0.9907 0.0231 0.0192 0.7977 0.9256
−10 0.0039 0.0038 0.9945 0.9942 0.0198 0.0186 0.8301 0.9456
−20 0.0009 0.0009 0.9998 0.9993 0.0135 0.0118 0.8958 0.9744
−40 0.0051 0.0052 0.9913 0.9906 0.0010 0.0014 0.9897 0.9887
FIG. 6. Comparisons between numerical solutions and the perturbation so-
lution for R=30, =0.1, and =0.5. Plots in the upper half cross section:
stream function. Plots in lower half cross section: axial velocity. Solid line
denotes the results from perturbation solution while the dotted line corre-
sponds to the numerical results.
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well with the numerical results for the cases of We=3 and
We=1. However, when We=5, the difference becomes more
obvious as the absolute value of R increases. All of the
fc / fs curves reach their minimum values, which is about 1
when R−22, indicating that the friction factor in this
point almost has the same value as the Newtonian flow in the
straight pipe when R	−22, fc / fs increases with increasing
R, while R
−22, fc / fs decreases with increasing R.
The similar variations are also found for creep flows Fig.
5b. However, for different We, the critical R , at which
fc / fs reaches its minimum, is different. The figure shows that
a larger We results in a smaller R .
FIG. 7. Contours of streamline upper half, axial velocity lower half, pressure, and axial normal stress for the relative creeping flow at various R
We=6. Outer bend is the left.
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B. Comparisons between the numerical results
and perturbation results
In Sec. III, we obtained the perturbation solution up to
the secondary order for a small Dean number and 1. In
the perturbation analysis, there is an implicit assumption that
the truncated terms in the perturbation expansion are not
significant relative to the terms that are kept. If the coeffi-
cients of the expansion, w0, w1, w2, etc., are of order 1, then
for small  the contribution of higher-order terms will be
negligible. Since we do not know a priori how the truncated
terms depend on R, R, We, and , we cannot determine the
exact range of these parameters for which the truncated se-
ries “reasonably” approximates the actual solution.
To validate the approximate range of the validity, some
comparisons between the numerical results and the perturba-
tion solution are examined in Fig. 6. These comparisons not
only can confirm the two solutions to each other but also can
be used to determine the approximate range of the validity of
the perturbation solution. As seen in Fig. 6, when We=1, the
perturbation results agree very well with the numerical re-
sults for different R. As We increases, the difference be-
tween numerical results and perturbation solution become
clear gradually. When We=5, the perturbation results for
R=20 and R=0 are significantly different from the nu-
merical results, indicating that the perturbation solution be-
comes invalid. But for R=−20, the perturbation results still
agree very well with the numerical result when We=5.
Table II shows the comparisons of the solutions between
the numerical results and perturbation results for varying
R. The superscript “p” denotes the perturbation solution
results and the superscript “n” represents the numerical re-
sults. As seen in Table II, for small R and , correspondingly
a small Dean number Dn, both solutions agree with each
other very well. But for a larger Dn, larger differences are
found, especially for co-rotation cases.
It is well known that the valid range of the perturbation
solution for the stationary curved pipe Newton flow is about
Dn
24.27 For a rotating pipe, increasing R from zero to a
positive value has the same effect as that of increasing the
Dean number,27 so increasing R will decrease the valid
range for the Dean number. For non-Newtonian flow, like the
effect of positive R, increasing We will also decrease the
valid range for the Dean number as seen in Fig. 1 and Table
II. Robertson and Muller17 also analyzed the approximate the
valid range for We and  by checking the high-order solu-
tion of axial velocity. According their analysis, it is better to
confine the values of We  that are less than or equal to unity
when the perturbation solution is used.
C. Results of numerical simulations for arbitrary
curvatures
1. The relative creeping flow
Although it has the advantage of providing physical in-
sight into the nature of the solution, the perturbation solu-
tions have been restricted to a few terms and the perturbation
parameters are limited to be small. To examine flow structure
for the large control parameters, we will analyze the numeri-
cal results in this section. As found by Fan et al.,18 due to the
instability of the constitutive model, there will be a limiting
We for each dimensionless curvature , which makes the
numerical procedure fail to converge. It is suggested that the
dimensionless parameter We 1/2 can be used to characterize
the convergence breakdown problem. In the present study,
the dimensionless parameter We 1/2 will be chosen as
We 1/2
5 according to Fan et al.18
Figure 7 shows the contours of stream function, axial
velocity, pressure, and axial normal stress for the relative
creeping flow. For the case R=0 Fig. 7c, an opposite
pressure gradient similar to that in a Newtonian flow in the x
direction is found while the secondary flow has the same
rotation direction with that of the Newtonian flow. This phe-
nomenon can be well understood by checking Eq. 22. Here,
the axial normal stress is the only source for the generation
of the secondary flow in the case R=0. Since the axial
normal stress is a competitive force with centrifugal force, an
opposite pressure gradient forms. For the co-rotation case of
R=20 Fig. 7d, the outward Coriolis force intensifies the
secondary flow and makes the direction of the pressure gra-
dient change. A larger axial normal stress is found near the
inner wall, which pushes more fluid in the core region to the
outer wall. From the perturbation solution, we know four
secondary cells are found when R−4 We . This conclu-
sion also fits for larger parameters. For the case R=−11,
four secondary cells are found in the cross section. And at
this moment, it can be found that the distribution of axial
FIG. 8. Variation of fc / fs and max with R for relative creeping flow
=0.5, =0.1.
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normal stress is similar to concentric circles and the pressure
PPx holds for the entire cross section. When R=−15
Fig. 7a, a counterclockwise secondary cell caused by in-
ward Coriolis force takes places while the maximum of the
axial velocity is pushed to the inner bend. A larger axial
normal stress forms in the x direction.
Figure 8 shows variations of friction factor fc / fs and the
maximum of stream function max, which can denote the
secondary flow intensity,25 with R for relative creeping
flows. For co-rotation cases R	0, it is found that fc / fs
and max increase with increasing R, indicating that the
co-rotation can intensify the secondary flow and enhance the
wall friction. For counter-rotation cases R
0, with de-
creasing R, fc / fs and max first decreases and minimum
values are found when R reaches the critical value R . If
R=R , the friction factor almost has the same value as
that for Newtonian flow in a straight pipe, and the secondary
flow intensity becomes weakest. This critical value can be
calculated approximately by R =−4 We . If R
R ,
both fc / fs and max increase with decreasing R. We do not
try to obtain the solution for large We when R	R since
a large We makes the flow unstable.
The effects of the Weissenberg number on the relative
creeping flow are shown in Fig. 9. For the case We=1, the
inward Coriolis force dominates the secondary flow, and a
counter-rotating secondary cell is found in the cross section.
For the case We=5.2, the secondary cell due to axial normal
stress is generated near the inner bend, and the two kinds of
secondary flow coexist. As We increases, the secondary cell
due to axial normal stress gradually becomes stronger and
finally take over the whole cross section We=10. Figure 10
shows the variation of fc / fs and max with We for the rela-
tive creeping flow. As We increases, all of the fc / fs curves
increase, while there is an evident difference between the
co-rotation and counter-rotation for the max curves. For the
co-rotation R	0, it was found that the max curves first
reach their maximum values with increasing We and then
gradually decrease. But for the counter-rotating situation, as
We increases, the max curves first decrease and reach their
minimum values, then gradually increase.
2. The inertial flow
For the inertial Oldroyd-B flow in a rotating curved pipe,
the centrifugal force can also contribute to the secondary
flow. The combined effects of centrifugal force, Coriolis
force, and axial normal stress make the flow more compli-
cated, especially when they are in the comparable order of
magnitude.
Figure 11 shows the contours of streamline and axial
velocity at various R for a small We. Just like that in the
perturbation solutions, when R=−220, the inward Corislis
force almost counteracts the net force between the centrifu-
gal force and the axial normal stress. Two secondary cells,
which are similar to that for the Newtonian fluid, can be
found in the cross section. Here, one secondary cell with
FIG. 9. Contours of streamline for the relative creeping flow at various We =0.1, R=−10.
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clockwise rotation is caused by centrifugal force and axial
normal stress, and another cell is due to the inward Coriolis
force.
For a large WeWe=15, the bifurcation solution can be
found, as shown in Fig. 12. To get the multiple solutions, two
numerical procedures have been adopted. One is a symmetry
imposed procedure to find the symmetry stable flow branch
like Ishigaki.26 At the symmetric plane, the boundary condi-
tion can be expressed as
v =  =
u

=
w

= 0,
27
ss

=
rr

=


=
rs

= r = s = 0.
The other is a nonsymmetry imposed procedure to detect the
unconditionally stable flow branch. For R=−160, the same
distributions of axial velocity and secondary flow are ob-
tained in both procedures. But for R=−190, the no-
symmetry-imposed procedure still produces the uncondi-
tional stable solution, while the symmetry imposed
procedure produces a completely different flow structure—
the symmetric stable solution. The streamlines show three
cells in the upper half cross section: two due to centrifugal
force, axial normal stress and Coriolis force; one due to flow
instability the cell near the symmetry plane. The maximum
axial velocity is divided into two locations. The potential
sources of instability are centrifugal force, axial normal
stress, and Coriolis force. The combined effect of centrifugal
force and axial normal stress produces a secondary cell that
moves towards the outer wall along the horizontal line and
tends to raise flow instability. The secondary cell due to the
Coriolis force pointing inwards act as the disturbance at
= near the outer wall and the additional cell generates. As
R decreases, the secondary cell due to Coriolis force and
the additional cell combine with each other because of the
same rotating direction. The secondary cell due to centrifu-
gal force and axial normal stress completely disappears at
R=−240. As R decreases, the increase of Coriolis force
reduces the effect of centrifugal force and flow instability
disappears. For R=−260, it can be found that the two nu-
merical procedures give the same unconditional stable solu-
tion.
Figure 13 shows the variations of fc / fs and max with
R for the inertial flow. For a given We, there always exists
a critical value of R , which makes both the fc / fs curves
and max curves reach their minimum values. When R
	R , the friction factor increases with an increase of R,
but when R
R , the friction factor decreases with the
increasing of. But for max curves, it can be found that when
R	R , the max curve first drastically increases as R
FIG. 10. Variation of fc / fs and max with We for relative creeping flow
=0.5, =0.1.
FIG. 11. Contours of streamline and axial velocity at various R for inertial
flow R=400, =0.1, We=5.
FIG. 12. Contours of streamline and axial velocity at various R for inertial
flow. a Solutions without imposed symmetry condition, b solutions with
imposed symmetry condition R=400, =0.1, We=15.
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increases and slightly decreases. A similar variation with a
decrease of R for max curves is found when R
R .
For a high rotation speed, the Taylor-Proudmen phenom-
enon appears, as shown in Fig. 14. For the case R=1000,
the flow structure is almost symmetrical about the y axis
while the axial velocity is nearly constant in the core region.
The contours are shaped like a dumbbell. At this moment,
the distribution of pressure is a function of x and an axial
normal stress boundary layer occurs at the upper and lower
walls. Let us explain this phenomenon: the Coriolis force
affects the axial velocity27 by
 = 2Ru cos  − v sin  = 2RuN, 28
where uN is the secondary flow velocity component in the x
direction. For a positive R, near the horizontal line,
uN
0, the above expression is negative and will decrease
the local axial velocity, while near the upper and lower wall,
uN	0, which will increase the axial velocity near the wall.
When R is small, this effect can be neglected because the
above expression is very small, but when R becomes large,
the above expression becomes larger and larger, until at last
it results in a dumbbell-like shape of the axial velocity con-
tours with two high regions near the upper and lower wall.
For a large We, the maxima of axial velocity and stream
function are more pushed toward the outer wall while the
larger axial normal stress shifts toward the inner bend. Figure
15 shows the variation of fc / fs and max with We at a high
rotating speed. For a high rotating speed, increasing We will
increase the friction factor as well as weaken the intensity of
the secondary flow.FIG. 13. Variation of fc / fs and max with R for inertial flow R=400,=0.1.
FIG. 14. Contours of streamline upper half, axial velocity lower half, pressure, and axial normal stress for inertial flow R=1000, R=50, =0.1. Outer
bend is the left.
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In engineering applications where large curvatures are
often encountered, it is important to study the effects of cur-
vature on the flow. Since the full governing equations are
solved numerically in this paper, it is easy to investigate the
flow transitions with varying curvature while keeping the
other parameters constant.
According to Eq. 14, the centrifugal force and axial
normal stress will affect the flow by the terms Rw2 /hs and
1
ss /hs. For a small curvature hs1, increasing the curva-
ture will not change the source term significantly. But for a
relatively larger curvature, increasing the curvature will
make w2 /hs increase, which leads to a large centrifugal force
and axial normal stress. Figure 16 shows the contours of
streamline upper half, axial velocity lower half, pressure,
and axial normal at a large curvature =0.5. For the co-
rotating case R=100, the location of maximum axial ve-
locity is divided into two locations for large curvature and a
thick axial normal stress boundary layer occurs near the in-
ner bend wall. For the counter-rotating case R=−200,
there is still only one maximum in the distribution of axial
velocity. Figure 17 shows the variation of fc / fs and max
with  for the inertial flow. For different R, the friction
factor ratio increases evidently with the increase of . But
from the max curves, it can be found that increasing  will
first increase max and after reaching its maximum value,
max decreases as  increases except for the case of R=0.
VI. CONCLUSIONS
The Oldroyd-B fluid flow in a rotating curved pipe is
investigated by perturbation and finite volume methods. A
FIG. 15. Variation of fc / fs and max with We at high rotational speed
=0.5, =0.1.
FIG. 16. Contours of streamline upper half, axial velocity lower half, pressure, and axial normal at a large curvature We=8, R=100, =0.5. Outer bend
is the left.
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perturbation solution up to the second order has been ob-
tained. The coupled effects of rotation, curvature, and elas-
ticity on the flow are first examined in detail. The flow be-
haviors of Oldroyd-B fluid flow in a rotation curved pipe are
more complex than those in the Newtonian flow cases. Some
new and interesting results are shown and major conclusions
are drawn:
The rotation, as well as the curvature and the elasticity,
plays an important role on the flow pattern and the friction
factor. Whether the rotation will enhance or reduce the sec-
ondary flow intensity and the friction factor depends up on
its direction and magnitude. For co-rotations R	0, the
rotation enhances the effects of curvature and elasticity on
the secondary flow. For counter-rotations R
0, there ex-
ists a critical value R , which makes the effect of rotation
counteract the effects of curvature and elasticity. A compli-
cated flow pattern is found in such a case.
For the relative creeping flow in a rotating curved pipe,
the relation obtained by analyzing the perturbation solutions,
R =−4 We , can be used to estimate the critical value of
R for small curvature cases. If R=R , the secondary
cells caused by the Coriolis force coexist with those caused
by the axial normal stress and both the friction factor and the
secondary flow intensity reach their minimal values. The
friction factor increases with increasing We, while the sec-
ondary flow intensity increases or decreases with increasing
We, depending on the rotation number R.
For the inertial flow, a variation in the flow profile with
R for a small We is similar to that for the Newtonian flow.
For the large We case, a bifurcation solution is detected by
two different numerical procedures. Due to the disturbance
of the secondary flow caused by the inward Coriolis force,
flow instability takes place. For a high rotating speed, the
Taylor-Proudmen phenomenon appears. Increasing We for a
high rotating speed will enlarge the friction factor together
with the weakening of the intensity of secondary flow. For a
large curvature, there are two maximal axial velocity loca-
tions for the co-rotation case. As  increases, the friction
factor ratio increases while the secondary flow is first inten-
sified and then gradually weakened.
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APPENDIX: THE RATE OF DEFORMATION TENSOR
AND THE VISCOELASTIC STRESS TENSOR
IN TORIODAL COODINATE SYSTEM
The component of the rate of deformation tensor D rela-
tive to a Cartesian coordinate system is
Dij =
1
2 uixj + ujxi  , A1
and the implicit definition of the viscoelastic stress tensor 1
is
1
ij +
1
ij
t
+ uk
1
ij
xk
−
ui
xk
1
kj
− 1
ikuj
xk
= 2Dij , A2
where ui, i=1,2 ,3, is the velocity component in a Cartesian
coordinate system.
For a toroidal coordinate system as shown in Fig. 1, the
Lame’ coefficients of the coordinate system are
hr = 1, h = r, hs = 1 − r cos  . A3
So for the fully developed Oldroyd-B flow in the toroidal
coordinate system, the components of the rate of deformation
tensor D are
Drr =
u
r
, Dr =
1
2 vr + 1r  u − v,
Drs =
1
2 wr + w cos hs  ,
A4
D =
1
r
 v

+ u, Ds = 12 wr − w sin hs  ,
Dss =

hs
v sin  − u cos  ,
and the viscoelastic stress tensor 1 for a fully developed
steady flow is
FIG. 17. Variation of fc / fs and max with  for inertial flow We=8,
R=100.
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1
rr + Weu1rr
r
− 21
rru
r
−
21
r
r
u

+
v
r
1
rr

 = 2u
r
,
A5
1
r + Weu1r
r
− 1
ru
r
−
1

r
u

− 1
rrv
r
−
1
r
r
u + v

 + v
r
 1r

+ 1
rr
=  v
r
+
1
r
 u

− v , A6
1
rs + Weu1rs
r
+
v
r
1
rs

− 1
rsu
r
−
1
s
r
u

− 1
rrw
r
−
1
r
r
w

+

hs
1
rsv sin  − u cos 
+ w1
r sin  − 1
rr cos 
=  w
r
+
w cos 
hs
 , A7
1
 + Weu1
r
+
v
r
21 + 1  − 21

r
u + v


− 21
rv
r
 = 2
r
 v

+ u , A8
1
s + Weu1s
r
+
v
r
1rs + 1s  − 1rsvr
−
1
s
r
u + v

 − 1rwr − 1

r
w

+

hs
1
su cos  − v sin 
+ w1
 sin  − 1
r cos 
=  w
r
−
w sin 
hs
 , A9
1
ss + Weu1ss
r
+
v
r
1
ss

− 21
rsw
r
−
21
s
r
w

+
2w
M
1
s sin  − 1
rs cos  +
21
ss
hs
u cos  − v sin  = 2hs v sin  − u cos  .
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